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SUMMARY: In this paper we generalized the fast convergent Forth-and-Back
Implicit Lambda Iteration (FBILI) method to the solution of the two-level atom line
transfer problems in media with low velocity fields using the observer’s reference
frame. In order to test the accuracy and the convergence properties of the method
we solved several astrophysically important benchmark problems of the NLTE line
formation: in a plan-parallel differentially expanding medium of finite thickness, and
in spherically symmetric stellar atmospheres, both static and expanding. We com-
pared our solutions with those obtained by other authors using different numerical
methods.
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1. INTRODUCTION

For modelling of many astrophysical objects it
is necessary to solve the radiative transfer (RT) prob-
lem taking into account the motion of the medium.
In media with low velocity regime such as solar
prominences, circumstellar envelopes or shells, the
dispersion of flow speeds is less than, or of the or-
der of the mean thermal speed. In such cases the
radiative transfer is usually solved in the observer’s
(laboratory) frame of reference. As in the static case,
the RT equation ’along the ray’ is an ordinary dif-
ferential equation, but the opacity and emissivity of
the material, as seen by the observer at rest, depend
on the direction of propagation of radiation due to
the Doppler effect. Angles and frequencies are cou-
pled together by the Doppler shift. Using the ob-

server’s reference frame, most numerical techniques
developed for static media can be straightforwardly
applied to the RT in moving media with arbitrary
(non-monotonic) velocity fields. Only a wider range
of frequencies (due to Doppler shifts) and a larger
number of angles (due to the coupling between the
angle and frequency) must be used.

For strong flows, with speeds much larger than
thermal (like e.g. expanding atmospheres of hot WR
and Of stars and many early-type supergiants with
strong stellar winds, novae and supernovae, accretion
disks in close binary stars or in active galactic nuclei),
radiative transfer is preferably formulated in the Co-
Moving Frame (CMF) of reference (i.e. the frame co-
moving with the fluid). The Lagrangian equation of
RT in moving media has been successfully solved in
various astrophysical problems. The basic disadvan-
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tage of CMF calculations is the imposition of mono-
tonic velocity fields. Baron and Hauschildt (2004)
presented an operator splitting method to solve 1D
spherical RT for arbitrary velocity fields in the CMF,
whereas Knop et al. (2009) proposed a new for-
mal solution of the RT, which avoids the negative
opacities occurring in the non-monotonic flows. In
the study of high-speed outflows from stars, super-
novae etc., where the velocity gradients greatly en-
hance the escape of photons, Sobolev (or the large-
velocity gradient - LVG) approximation is commonly
used (Sobolev 1957). To model such strong flows, it
is necessary to solve the RT simultaneously with hy-
drodynamic equations. Such problems require ever
more efficient, exact and fast convergent numerical
methods.

The earliest numerical solutions of RT in mov-
ing media were those by Chandrasekhar (1945), who
solved the plane-parallel Schuster problem and the
planetary nebula Lyman α problem in an expanding
slab. Most of the later work on moving atmospheres
was based on generalization of the Feautrier method
(1964), restricted first to planar geometry. Kunasz
and Hummer (1974a) obtained solutions to the line
transfer problem in expanding spherical atmospheres
using the variable Eddington factor method with the
Rybicki elimination scheme. Kunasz and Hummer
(1974b) and Mihalas, Kunasz and Hummer (1975,
hereafter MKH) employed a ”direct solution” and
ray technique in which the radiative transfer is con-
sidered along each of many parallel rays contribut-
ing to a set of ordinary differential equations cou-
pled by the scattering integral. Avrett and Loeser
(1984, hereafter AL) proposed a method which uses
the integral form of the RT equation along the set of
rays. Rogers (1984) proposed the half-range moment
method of solving the RT problem in spherical geom-
etry which, however, was restricted to the CMF. In
the last three decades fast convergent and efficient,
so-called ALI (Accelerated Lambda Iteration) meth-
ods were developed and applied to the solution of RT
in moving media (for a review see e.g. Hamann 1987,
Hamann 2003).

In this paper we solve the line formation prob-
lem in moving (both plane-parallel and spherically
symmetric) media by the use of the Forth-and-Back
Implicit Lambda Iteration (FBILI) method devel-
oped by Atanacković-Vukmanović, Crivellari and Si-
monneau (1997; hereinafter ACS97). This method
proved to be exact, fast convergent and extremely
efficient when applied to line formation (both by
two-level and multilevel atoms) in 1D static media
(ACS97) and by two-level atoms in 2D static me-
dia (Milić and Atanacković 2014). For comparison
of its convergence properties with respect to other
ALI methods see also the paper by Atanacković-
Vukmanović (2007). Here, we intend to generalize
it to the two-level atom line transfer in 1D mov-
ing media and to examine its properties using the
observer’s reference frame. The solution in the Co-
Moving Frame of reference will be given in a forth-
coming paper.

The outline of the paper is as follows. In Sec-
tion 2 we present the basic equations of the two-level

atom line transfer problem in a spherically symmet-
ric moving atmosphere and, in Section 3, we describe
in detail the method proposed for its solution. In
Section 4 we solve several astrophysically interesting
benchmark problems given by Hummer and Rybicki
(1968) and Avrett and Loeser (1984) and discuss the
obtained numerical results.

2. LINE TRANSFER IN MOVING MEDIA
(IN THE OBSERVER’S FRAME)

Let us consider in detail the case of a two-
level atom line formation in a spherically symmet-
ric expanding stellar atmosphere. Transition to the
case of a plane-parallel expanding slab of finite thick-
ness is quite straightforward, and will be discussed in
Section 4. We shall assume that physical properties
vary with only one coordinate - the radial distance
r. To describe the velocity effects we shall use the
observer’s frame of reference.

For a spherically symmetric, radially expand-
ing atmosphere, the radiative transfer equation
(RTE) in the observer’s frame takes the following
form:

μ
∂I(r, ν, μ)

∂r
+

1 − μ2

r

∂I(r, ν, μ)
∂μ

=

−χ(r, ν, μ) [I(r, ν, μ) − S(r, ν, μ)] .
(1)

Here, I(r, ν, μ) is the specific intensity at point
r, at frequency ν and in direction μ (cosine of the
angle θ between the local outward radial direction
and the direction of propagation of radiation at ra-
dius r). In moving media, the absorption coefficient
χ(r, ν, μ) and the source function S(r, ν, μ), as seen
by the observer at rest, depend on the direction of
propagation of radiation. Let us remind that they
are isotropic only in static media with isotropic scat-
tering. When the atmospheric gas moves with ve-
locity �v(r) with respect to the observer, the angular
dependence of opacity and emissivity of the material
in the observer’s frame is caused by the Doppler shift
between the frequency in the observer’s frame ν and
in the material rest frame ν′:

ν′ = ν − ν0
c
�l · �v . (2)

Here, ν0 is the central line frequency in the labora-
tory frame and �l is the direction of photons’ prop-
agation. It is convenient to use the dimensionless
frequency x = (ν − ν0)/Δν∗D, i.e. the frequency dis-
placement from the line center expressed in standard
Doppler width units Δν∗D = ν0v

∗
th/c. Here, v∗th is the

mean thermal velocity at some standard temperature
T ∗. The velocities are measured in the same units
V = v/v∗th, so that the relation (2) becomes:

x′ = x− μV . (3)
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Fig. 1. Discrete mesh of radii {rl}, l = 1, n and a grid of rays (directions) zk; k = 1, nt that are used for
the solution of the RT equation; I±l,i,k denote the in–coming and out–going specific intensities at frequency i
along the direction k at any point l.

Instead of solving the RTE as a partial dif-
ferential equation (1), we can perform a ray-by-ray
computation of the specific intensities along the set of
directions tangent to the spherical layers (like those
shown in Fig. 1) using the ordinary differential RTE
in the ’along the ray’ form:

±dI
±(x, μ)

dτ(x, μ)
= I±(x, μ) − S(x, μ) . (4)

Here, τ represents the optical distance along a given
direction (ray) measured from the surface, whereas
I± are the specific intensities in two directions along
the ray. According to the customary terminology and
notation, the intensity propagating in the direction
of increasing optical depth along the ray (in-going in-
tensity) is denoted as I−, while that propagating in
the direction of decreasing optical depth (out-going
intensity) is denoted by I+. Since all the quantities
are depth dependent, in Eq. (4) we omitted their spa-
tial dependence, and we shall not refer to it unless it
is needed.

The monochromatic optical distance along a
given direction is given by

dτ(x, μ) = −χ(x, μ)dz , (5)

where dz is the related geometrical path length and
the volume opacity coefficient χ generally contains
the corresponding line and continuum contributions.
The velocity fields have no significant influence on
the RT in the continuum. On the contrary, the
line formation can be affected a lot as even a small
Doppler shift gives rise to large changes in line ab-
sorption as seen by the observer. Thus, the opacity

is affected by motion through the line profile and can
be written as:

χ(x, μ) = χC + χLφ(x, μ) , (6)

where χC and χL are the continuum and mean line
absorption coefficient, respectively, and φ is the nor-
malized line profile function given by:

φ(x, μ) = φ(x− μV ) . (7)

For pure Doppler broadening the correspond-
ing Gaussian profile function is

φ(x, μ) =
1

δ
√
π
e−(x−μV )2/δ2

, (8)

where δ = ΔνD/Δν∗D is the ratio of the Doppler
widths at a local temperature and at some stan-
dard temperature T ∗. The profile is no longer sym-
metric and it has to be estimated for each angle-
velocity dependent frequency point from the interval
(−x− μV, x+ μV ).

If we denote the ratio of the continuum to the
mean line absorption coefficient with β = χC/χL,
using Eq. (6) we can write Eq. (5) as follows:

dτ(x, μ) = dτL [β + φ(x, μ)] , (9)

where
dτL = −χL(z)dz (10)

is the mean line optical depth scale along the ray.
Finally, the total (continuum + line) source

function S(x, μ), defined as the ratio of the total
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emission coefficient η(x, μ) to the total absorption
coefficient χ(x, μ), is given by:

S(x, μ) =
ηC + ηLψ(x, μ)
χC + χLφ(x, μ)

. (11)

The emission profile function ψ(x, μ) generally dif-
fers from the absorption one φ(x, μ) due to the line
frequency redistribution. For simplicity, we will as-
sume that the absorptions and re-emissions are com-
pletely uncorrelated and that the two profiles are
equal (ψ = φ). This approximation of the com-
plete frequency redistribution (CRD) is inconsistent
in a moving medium and the angle-dependent par-
tial frequency redistribution (PRD) of photons in
line should be considered. This will be taken into
account together with the solution of RT in the co-
moving frame in a forthcoming paper. Using the
expressions SL = ηL/χL and SC = ηC/χC for the
line and the continuum source function, respectively,
the total source function (11) can be written as:

S(x, μ) =
β

β + φ(x, μ)
SC +

φ(x, μ)
β + φ(x, μ)

SL . (12)

For the continuum source function the solu-
tion of the monochromatic scattering problem in a
static medium can be applied. The line source func-
tion generally depends on the radiation field, which
is strongly influenced by the motion of the gas it in-
teracts with. The line source function for a two-level
atom under the assumption of CRD is given by (see
Mihalas 1978):

SL = εB + (1 − ε)J̄ , (13)
where ε is the photon destruction probability if the
stimulated emission term is omitted, B is the Planck
function and

J̄ =
1
2

∫ ∞

−∞
dx

∫ 1

−1

dμI(x, μ)φ(x, μ) (14)

is the angle and line profile integrated intensity (the
so-called scattering integral). Note that all the spe-
cific intensities I(x, μ), i.e. all the specific RTE (4)
are coupled by this scattering term.

Once the line formation problem is defined by
Eq. (4) and Eqs. (12) - (14), we can look for its nu-
merical solution.

2.1. Discretized form of the problem
equations

For the numerical description of the radiation
transport through 1D moving spherical atmosphere,
a discrete set of radii {rl}, l = 1, n is needed (Fig.
1). Let the radii r1 and rn correspond to the upper
and lower boundary surfaces of the atmosphere, re-
spectively. We take r1 as the origin of the mean line
optical depth scale along the radial direction, defined
by:

τL(r) =
∫ r1

r

χL(r′)dr′ . (15)

Here, since we are considering a two-level atom line
formation, the mean line opacity χL(r) is assumed to
be known, so that we can compute the set of mean
line radial optical depths τl = τ(rl) starting from
τ1 = 0.

The solution of RTE (4) is performed along
the set of rays {zk}, k = 1, n tangent to the spherical
layers corresponding to the discrete set of radii {rl},
as well as along a few additional, so-called core rays
{zk}, k = n+ 1, nt that intersect the inner boundary
surface (see Fig. 1). Hence, for a set of line frequen-
cies {xi}, i = 1, nf and rays {zk}, k = 1, nt, Eq. (4)
can be written in the discretized form:

±dI
±
i,k

dτi,k
= I±i,k − Si,k . (16)

The values of specific intensities and source functions
are to be computed at points where the ray inter-
sects spherical shells of radii rl with l < k. Let us
denote these values as I±l,i,k and Sl,i,k, respectively,
for l = 1, n. At these points l, the ray k forms angles
θl,k with the local outward radial directions whose
cosines μl,k are given by

μl,k = ±
√

1 − r2k
r2l

. (17)

The + sign stands for outgoing (μ > 0), and - sign
for ingoing rays (μ < 0). In Eq. (16), dτi,k is the op-
tical path length between two layers l−1 and l along
the ray k at frequency i:

dτi,k = −χl,i,k(z)dz , (18)

where dz = dr/μ(r) and the absorption coefficient is
given by:

χl,i,k = χL
l [βl + φl,i,k] . (19)

If we assume, for simplicity, an isothermal medium
(δ(z) = 1), the profile function φl,i,k (see Eq. (8))
becomes:

φl,i,k =
1√
π
e−(xi−μl,kVl)

2
. (20)

The mesh size on frequency should be large enough
to include the whole line profile which can vary over
the range ±Vmax. Usually, V < 0 is used for motions
towards and V > 0 for motions away from the ob-
server. In the test problem considered in Section 4,
the convention is opposite.

The total source function (12) can be written
in the discretized form:

Sl,i,k =
βl

βl + φl,i,k
SC

l +
φl,i,k

βl + φl,i,k
SL

l . (21)

with the line source function

SL
l = εlBl + (1 − εl)J̄l (22)
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and the scattering integral (14) replaced by a finite
sum of specific intensities

J̄l =
1
2

nf∑
i=1

nt∑
k=l

wl,i,k[φ+
l,i,kI

+
l,i,k + φ−l,i,kI

−
l,i,k] . (23)

with the quadrature weights wl,i,k for the integration
over directions and line frequencies, that satisfy the
condition

∑nf
i=1

∑nt
k=l wl,i,k = 1. The profile func-

tions φ+
l,i,k and φ−l,i,k correspond to the two opposite

projections of the gas velocity ±μl,kVl along the ray
k, at point l.

3. SOLUTION OF THE LINE
TRANSFER IN MOVING MEDIA
(IN THE OBSERVER’S FRAME)

Here we shall consider the solution of the prob-
lem equations (16) and (21) describing the two-level
atom line transfer with complete frequency redistri-
bution in 1D moving isothermal medium with a fre-
quency independent continuum source function.

The simplest way to solve not only this but
any non-LTE problem is by means of Λ iteration that
solves the radiative transfer equation

J̄ = ΛS (24)

and statistical equilibrium (SE) equations S = S(J̄)
in turn. However, in most cases of interest (large de-
partures from LTE and for large optical depths) its
convergence is extremely slow.

Before we describe the way in which the FBILI
method solves the above problem, let us briefly re-
call the idea that is in the heart of a broad class
of the so-called ALI (Accelerated Lambda Iteration)
methods.

A way to significantly accelerate the conver-
gence of the Λ iteration while retaining its simplicity,
is to replace the exact Λ operator by an approximate
one and to correct the error introduced by this ap-
proximation iteratively. The approximations should
enable a better conditioning of the problem equa-
tions. This idea of operator splitting was introduced
in the RT computations by Cannon (1973a,b). The
full (exact) Λ operator is split into the Approximate
Lambda Operator (ALO), Λ∗, which is easy to in-
vert, and the part (Λ− Λ∗) that can be treated as a
perturbation:

Λ = Λ∗ + (Λ − Λ∗). (25)

By substituting the above expression into
Eq. (24) we get:

J̄ = ΛS = Λ∗S + (Λ − Λ∗)S. (26)

If, at the moment, we neglect the processes in the
background continuum and combine Eq. (26) with
the SE equation (13), we obtain a simple iterative
procedure. Olson et al. (1986) showed that the diag-
onal of the full Λ matrix is the most optimal ALO. In

that case, the inversion of the Λ∗ matrix is replaced
by a simple division:

Si+1 =
εB + (1 − ε)(Λ − Λ∗)Si

1 − (1 − ε)Λ∗ . (27)

This ALI method, known as the Jacobi
method, accelerates the convergence of the classi-
cal Λ iteration by several orders of magnitude. Be-
cause of its simplicity and much higher convergence
rate the Jacobi method is the most often used ALI
method. However, in practice, even this method
needs to be further accelerated by some mathemati-
cal techniques as, e.g., using the Ng acceleration (Ng
1974).

In this paper, we apply the FBILI method
to solve the above mentioned line transfer problem
more efficiently than with the Jacobi method using
no additional mathematical acceleration technique.
As the analytical solution of this problem can not be
obtained, to investigate the accuracy of the FBILI
procedure we solve several benchmark problems (see
Section 4) and we compare our results with those ob-
tained by other authors. Since we have not found in
the literature the convergence rate of other iterative
methods used to solve the same benchmark prob-
lems, we here use the solutions obtained by our ver-
sion of the Jacobi method as the reference ones with
no additional acceleration. Namely, for the sake of
comparison, we apply to the Jacobi method the same
formal solution used by the FBILI. In Subsection 3.1
we describe the formal solution and our variant of
the Jacobi method in detail, whereas in Subsection
3.2. we expose the basic ideas and equations used in
the FBILI method.

3.1. Formal solution with short
characteristics in two-points
and the Jacobi-type iterative
procedure

Although the radiation field is unknown, us-
ing the two-stream approximation we can represent
its propagation by means of integral form of the RTE
for both the in-going and the out-going specific in-
tensities, as follows

Il = Il−1e
−Δ +

∫ Δ

0

S(t)et−Δdt . (28)

In the standard short characteristics approach (e.g.
Kunasz and Auer 1988) to the formal solution, the
variation of the source function with the optical
depth along the ray is assumed to be a parabola be-
tween three consecutive grid points. In the FBILI
method (see ACS97) and in our variant of the Jacobi
method that will be presented here, we will assume
a parabolic behavior of the source function between
two successive depth points. Proceeding in this way
we will derive the implicit linear relation between the
mean intensity of the radiation field and the local line
source function:

J̄ = a+ bSL . (29)
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This relation is implicit as the value of the source
function is also unknown. It depends on the un-
known radiation field via scattering processes. One
can see that Eq. (29) corresponds to Eq. (26) of ALI
methods, with the coefficient b playing a role of the
diagonal ALO in the Jacobi method. By substituting
Eq. (29) into SE equation (13), we get the expression
similar to Eq. (27) for updating the source function

SL =
εB + (1 − ε)a
1 − (1 − ε)b

. (30)

Briefly, during the formal solution we can compute
the coefficients a and b of the linear relation (29) and
then use them in Eq. (30) to update the line source
function SL at all depth points.

The iterative computation of these coefficients
and not of the unknown functions (J̄ and SL) them-
selves like in the classical Λ iteration, speeds up the
convergence dramatically. The unknowns, J̄ and SL,
change in a similar way and, consequently, the coef-
ficients a and b of their linear relation change very
little from one iteration to another. As good quasi-
invariants of the problem, they attain very quickly
their exact values and lead very fast to the exact
solution of the whole procedure.

Now, we shall describe in more detail the for-
mal solution performed by the use of short charac-
teristics in two successive depth points, as it will be
used in both the Jacobi-type and the FBILI solution.

3.1.1. Forward step

To compute the in-going intensities along the
ray I−l,i,k, i.e. to compute the coefficients a−l and
b−l of the implicit linear relation corresponding to
inward directions, we start with the given values of
the specific intensities at the upper boundary surface
of an atmosphere. At τ1 = 0 we assume I−1,i,k = 0 for
all frequencies i and along all rays k and, hence, we
put a−1 = b−1 = 0. The propagation of the unknown
in-going intensities can be represented by means of
the integral form of the RT equation:

I−l,i,k = I−l−1,i,ke
−Δ +

∫ Δ

0

S(t)et−Δdt , (31)

where:

Δ = Δl−1,l
i,k =

∫ zl,k

zl−1,k

χi,k(z)dz

=
∫ rl

rl−1

χi,k(r′)dr′

μk(r′)
(32)

is the monochromatic optical path between two
points l − 1 and l along the ray k. S is the total
source function given by Eq. (21).

To compute the in-going specific intensities at
all subsequent points l = 2, n, we use some polyno-
mial approximation for the source function between
two successive depth points l − 1 and l. Here, a
piecewise parabolic behavior for the source function
is assumed, and the derivatives at two limiting points
of the interval (l − 1, l) are then related by:

S′
l−1,i,k =

2
Δ

[Sl,i,k − Sl−1,i,k] − S′
l,i,k . (33)

By solving the integral in Eq. (31) by parts and using
Eq. (33), we can write Eq. (31) as follows:

I−l,i,k = I−l−1,i,ke
−Δ+Q−Sl−1,i,k+P−Sl,i,k+R−S′

l,i,k .

(34)
The coefficients P−,Q− and R− depend solely

on Δ and have the following form:

Q− =
2

Δ2
− e−Δ

(
1 +

2
Δ

+
2

Δ2

)

P− = 1 − 2
Δ2

+ e−Δ

(
2
Δ

+
2

Δ2

)

R− = −1 +
2
Δ

− e−Δ

(
1 +

2
Δ

)
. (35)

They are to be computed at each depth point
l, for each frequency i and along each ray k. Intro-
ducing a new variable for the non-local terms

Q̃− = I−l−1,i,ke
−Δ + Q−Sl−1,i,k , (36)

and keeping the source function derivative (that con-
tains both the local and non-local terms), Eq. (34)
can be written as:

I−l,i,k = Q̃− + P−Sl,i,k + R−S′
l,i,k . (37)

Let us remind here that the classical Λ itera-
tion uses Eq. (34), i.e. Eq. (37), to compute the in-
going specific intensities at all depth points from the
old (obtained in the previous iteration) values of the
source function and its derivatives.

In the Jacobi method we proceed in a different
way. We want to obtain a linear relation between the
in-going mean intensity J̄−

l and the local line source
function SL

l at each depth point l:

J̄−
l = a−l + b−l S

L
l . (38)

It means that we have to substitute the expression
for the total source function (21) and its derivative
S′

l,i,k in Eq. (37), to separate the term with the local
line source function from the rest, and to integrate
Eq. (37) over frequencies and directions. The coeffi-
cients of Eq. (38) are then given as:

a−l =
1
2

nf∑
i=1

nt∑
k=l

{
Q̃− + P−

(
β

φ+ β

)
SC+

R−
(

μ

φ+ β

)[(
βSC

l

φ+ β

)′
+
(

φ

φ+ β

)
S′L
]}

wl,i,k

and
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b−l = 1
2

∑nf
i=1

∑nt
k=l

[
P−

(
φ

φ+β

)
+

R−
(

μ
φ+β

)(
φ

φ+β

)′]
wl,i,k . (39)

Let us note that the derivatives in the above coeffi-
cients are the derivatives with respect to the radial
mean line optical depth. They are computed by us-
ing the Lagrangean polynomial of the second degree
in three points. The values of intensities needed to
get the coefficients Q̃−, are obtained by recursive ap-
plication of relation (34) with the old values of S and
S′, proceeding from the given boundary condition at
the surface.

For variables other than wl,i,k, the indices l, i
and k are left out for simplicity. Let us, however,
remind that β, SC and SL depend on optical depth
only, while φ,Δ, S,P−, Q̃−,R− are also angle and
frequency dependent.

3.1.2. Backward step

Now, we proceed from the bottom layer where
the out-going specific intensities are known. For the
rays with k > n we use the diffusion approximation
or we simply take that I+

n,i,k>n = Sn,i,k, whereas for
k = n the condition I+

n,i,n = I−n,i,n is to be used. At
all other upper points l = n − 1, 1, we can compute
I+
l,i,k using the integral form of the RT equation:

I+
l,i,k = I+

l+1,i,ke
−Δ +

∫ Δ

0

S(t)et−Δdt . (40)

Here, we again approximate the source func-
tion between two successive depth points by a
parabola to get:

I+
l,i,k = I+

l+1,i,ke
−Δ+Q+Sl+1,i,k+P+Sl,i,k+R+S′

l+1,i,k ,

(41)
where:

Q+ =
2
Δ

− 2
Δ2

− e−Δ

(
1 − 2

Δ2

)

P+ = 1 − 2
Δ

+
2

Δ2
− e−Δ 2

Δ2

R+ = −1 +
2
Δ

− e−Δ

(
1 +

2
Δ

)
. (42)

Let us remind here again that the classical Λ itera-
tion computes the out-going specific intensities I+

l,i,k

at all depth points with the old values of the source
function S and its derivatives S′.

To apply the Jacobi method, we have to sep-
arate the local term from the rest of Eq. (41) and
rewrite it in the following form:

I+
l,i,k = Q̃+ + P+Sl,i,k . (43)

Here, we introduced the coefficient:

Q̃+ = I+
l+1,i,ke

−Δ + Q+Sl+1,i,k + R+S′
l+1,i,k

and computed it with the old values of S and S′,
while I+ is obtained by the recursive application of
Eq. (41).

Substituting the expression (21) for the total
source function Sl,i,k in Eq. (43) and integrating
Eq. (43) over line profile frequencies and directions,
we get a linear relation:

J̄+
l = a+

l + b+l S
L
l . (44)

The coefficients are given as:

a+
l =

1
2

nf∑
i=1

I−l,i,lwl,i,l +
1
2

nf∑
i=1

nt∑
k=l+1

(
Q̃++

+P+ β

φ+ β
SC

l

)
wl,i,k

and

b+l =
1
2

nf∑
i=1

nt∑
k=l+1

P+ φ

φ+ β
ωi,k , (45)

where we used that I+
l,i,l = I−l,i,l for k = l. By sum-

ming up the coefficients given by equations (39) and
(45), we obtain the total coefficients al = a+

l +a−l and
bl = b+l + b−l of the linear relation (29) at all depth
points l = 1, n. The line source function is then
updated by means of Eq. (30). Once we have the
new value of SL

l we can obtain the total source func-
tion Sl,i,k using Eq. (21). For the continuum source
function SC

l we use the solution of the monochro-
matic scattering case (for the details see Atanack-
ović-Vukmanović 2003).

The computation of coefficients al and bl, and
of the updated line source function SL

l is performed
in turn until some prescribed convergence criterion
is satisfied.

This small modification of the classical Λ iter-
ation, consisting in the iterative computation of the
coefficients of the linear relation between J̄ and SL,
significantly accelerates the iterative procedure.

In the next subsection we shall describe how
the FBILI method accelerates it even more.

3.2. FBILI solution

The FBILI solution differs from the previously
described procedure in a few important points.

In the first (forward) part of each iteration,
we compute the coefficients of an ”in-going” linear
relation retaining implicitly not only the local source
function but also its derivative:

J̄−
l = ã−l + b̃−l S

L
l + c−l S

′L
l . (46)
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The coefficients of the above relation are given by:

ã−l =
1
2

nf∑
i=1

nt∑
k=l

[
Q̃− + P− β

φ+ β
SC

l +

R−
(

μ

φ+ β

)(
βSC

l

φ+ β

)′]
wl,i,k ,

b̃−l =
1
2

nf∑
i=1

nt∑
k=l

[
P− φ

φ+ β
+

+R−
(

μ

φ+ β

)(
φ

φ+ β

)′]
wl,i,k ,

and:

c−l =
1
2

nf∑
i=1

nt∑
k=l

R−
(

μ

φ+ β

)
φ

φ+ β
wl,i,k . (47)

Furthermore, we introduce the ratio of the non-local
part of the radiation field and the local line source
function ã−l /S

L
l as the iteration factor in the ”local”

coefficient b−l :

b−l =
ã−l
SL

l

+ b̃−l , (48)

and get the following implicit linear relation between
J̄−

l and the line source function SL and its derivative
S′L

l :
J̄−

l = b−l S
L
l + c−l S

′L
l . (49)

Defined as the ratio of two homologous quan-
tities, the iteration factor quickly reaches its exact
value speeding up the convergence of the whole iter-
ative procedure.

The third important difference is introduced
in the backward process. In order to take advan-
tage of the known values of the coefficients a and b
as soon as they are available to update the values
of the source function, in the FBILI method we pro-
ceed as follows. We start from the lower boundary
condition where the out-going specific intensities are
known and, therefore, the coefficients of the linear
relation between J̄+

n and SL
n :

J̄+
n = a+

n + b+nS
L
n ,

where:

a+
n =

1
2

nf∑
i=1

I−n,i,nwn,i,n +
1
2

nf∑
i=1

nt∑
k=n+1

[(
β

φ+ β
SC

n +

S′
n,i,k

)]
wn,i,k

and

b+n =
1
2

nf∑
i=1

nt∑
k=n+1

φ

φ+ β
wn,i,k . (50)

Using the coefficients b−n and c−n in Eq. (49),
computed and stored in the forward process, and as-
suming S

′L
n = 0, we can obtain the coefficients of the

relation:
J̄−

n = a−n + b−nS
L
n ,

i.e. we take a−n = 0 and b−n as in Eq. (48).
With the given a+

n and b+n , we obtain the total
coefficients an and bn. Substituting J̄n = an + bnS

L
n

into the SE equation (22), we get the updated line
source function at depth point l = n:

SL
n =

εB + (1 − ε)an

1 − (1 − ε)bn
(51)

and, thus, the updated values of the total source
function:

Sn,i,k =
β

φ+ β
SC

n +
φ

φ+ β
SL

n , (52)

its derivatives S′
n,i,k and the new values of the out-

going intensities:

I+
n,i,k = Sn,i,k + S′

n,i,k . (53)

With these new values of Sn,i,k, S′
n,i,k and

I+
n,i,k, we obtain a new value of Q̃+ in Eq. (43), and

new coefficients a+
l and b+l of Eq. (44) at the next

upper depth point l.
For all other upper depth points we proceed

as follows. By substituting the expression

S′L
l = 2

(
SL

l+1 − SL
l

)
/Δτl,l+1 − S′L

l+1 (54)

similar to Eq. (33), which is now written for SL at
points l and l + 1, into Eq. (49) we get

a−l = c−l

(
2SL

l+1

Δτl,l+1
− S′L

l+1

)

b−l = b−l − 2c−l /Δτl,l+1 , (55)

where Δτl,l+1 is the radial optical distance between
the two points l and l + 1.

Upon getting the total coefficients al = a+
l +

a−l and bl = b+l +b−l at depth point l we can immedi-
ately get the new value of the source function apply-
ing Eq. (30). With this new line source function, we
get the new values of the total source function and
of its derivatives. Then we can compute the out-
going intensities I+

l,i,k by means of Eq. (41). We then
proceed to the next layer and repeat the procedure
until we reach the surface (l = 1). The procedure is
repeated until the convergence criterion is satisfied.
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4. TEST PROBLEMS AND RESULTS

To test the FBILI method when applied to the
RT in moving media, we solved several benchmark
problems.

4.1. Line formation in a plane-parallel
moving slab

First, we solved the problem of the RT in
a plane-parallel expanding slab of finite thickness
(Hummer and Rybicki 1968). The center of the slab
is at rest whereas the part of the slab closer to the ob-
server is moving towards and the part that is farther
is moving away from the observer with the velocity
normal to the surface. There is no incident radiation
on the boundaries of the slab. The medium simulates
the expanding emission nebula.

The velocity law is given by:

V (τ) = V0 + τV1,

with three values for the velocity gradient: V1 = 0,
V1 = −0.1 and V1 = −0.2. The parameters describ-
ing the line formation in the slab of the total optical
thickness T are as follows: ε = 10−3, B = 1, T = 20,
δ = 1. There is no continuum radiation.

We solved the above problem by means of the
Jacobi and FBILI method. As the criterion where
to stop the iterations we used the condition that the
maximum relative change of the source function be-
tween two successive iterations i− 1 and i

Ri
c = |S

i − Si−1

Si−1
|max (56)

at all depth points is less than 10−3.
With the Jacobi method the above condition

was fulfilled in 64 iterations (Rc = 10−2 in 48). The
normally emergent intensities (at μ = 1) for three
values of velocity gradient are shown in Fig. 2.
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Fig. 2. Emergent intensity at μ = 1 from an ex-
panding slab (ε = 10−3, B = 1, T = 20) for three
velocity gradients.

When we applied the FBILI method with
no iteration factor (Eq. (46)), the convergence was
achieved in 35 iterations (i.e. in 27 iterations for the
criterion Rc = 10−2). The use of iteration factor

led to an almost exact solution in the first iteration
but, afterwards, the procedure became unstable and
failed to converge. As the use of the iteration factor
improved the input solution a lot, we applied the it-
eration factor, i.e. Eq. (49) only in the first iteration
and Eq. (46) in all the subsequent iterations. The
convergence was stable and the criterion Rc = 10−3

was satisfied in only 24 iterations (i.e. Rc = 10−2 in
16 iterations).

The variation of the maximum relative change
Rc with the iteration number for the Jacobi and the
FBILI method is shown in Fig. 3.
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Fig. 3. Maximum relative change Rc of the source
function between two iterations as a function of iter-
ation number for the Jacobi and FBILI method (with
and without iteration factor) for the case of line for-
mation in a plane-parallel expanding slab.

4.2. Line formation in a spherical
atmosphere

The use of the FBILI method for the solution
of the line transfer in a spherically symmetric at-
mosphere (both static and expanding) is tested on
benchmark problems proposed by Avrett and Loeser
(1984).

We consider a stellar atmosphere consisting of
homogeneous spherical shells. We take that the ra-
dius of the first layer r1 = 30 and the last one rn = 1
(in the units of stellar radius). Radial optical depth
scale is defined as

τ(r, x, μ) =
∫ r(L)

r

χ(r′, x, μ)dr′,

where χ(r, x, μ) is the total opacity (see Eq. (6)). The
continuum and line opacities are given as χC(r) =
C1/r

2 and χL(r) = C2/r
2, respectively. As the to-

tal continuum optical depth is 4, and the mean line
optical depth is 1000, one finally has:

χ(r, x, μ) =
[
120
29

+
30000

29
φ(r, x, μ)

]
1
r2
, (57)
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where the line profile φ is given by the Gaussian pro-
file function (8). We used 24 Gauss-Legendre fre-
quency points in the interval (-4,4).

Since the outward peaking of the radiation
field in extended atmospheres necessitates a very fine
angular mesh, we used 71 depth points (10 points per
decade) and 72 rays (71 rays tangent to the layers
and one more ray passing through the disk).

First, we had to get the solution for the back-
ground continuum source function. As proposed
by Avrett and Loeser (1984), the continuum source
function Sc is assumed to be of the form:

SC = αJ + (1 − α)B , (58)

where the scattering coefficient is α = 0.5 and the
Planck function B = 1. With the opacity law given
by χC(r) = C1/r

2 and from the requirement that the
total radial optical thickness of the atmosphere is 4,
the radial continuum optical depth is given by

τ(r) =
120
29

(
1
r
− 1

30
) .

We solved the monochromatic scattering case in the
static spherical atmosphere using the FBILI (see
Atanacković-Vukmanović 2003).

The above problem has been solved by many
other authors: Mihalas et al. (1975), Rogers (1981),
Avrett and Loeser (1984), Harper (1994), Gros et al.
(1997). In Table 1 we list the results obtained by
the FBILI method (our results coincide with those
obtained by Atanacković-Vukmanović 2003) and the
maximum relative differences between our solution
and the other five. The results of Mihalas et al.
(1975) are reported by Avrett and Loeser (1984).

In the majority of cases the differences are about
1%. The maximum difference is 4% (at only one
depth point) between our solution and that of the
MKH. They can be due to different depth discretiza-
tion and different approximations used to describe
the behavior of S(τ) between any two consecutive
depth points. All our computations were performed
using the logarithmic spacing in the radial optical
depth with 10 points per decade.

With the frequency-independent continuum
source function (58) and the values of J given in
Table 1, we solved the next test problem: line trans-
fer with frequency independent background source
function in a static spherical atmosphere. In this
test problem the values ε = 2 · 10−3 , B = 1 , δ = 1
are given. The results for the line source function SL

and the normalized flux profile Fx for this case are
presented in Tables 2 and 3. In Table 2 we display
our solution for the line source function SL and maxi-
mum relative differences with respect to solutions ob-
tained by other three authors. The line source func-
tion is in a very good agreement with all the three
other methods. As we can see the maximum relative
difference practically never exceeds 1%. These four
different solutions for the line flux are shown in Table
3 together with the corresponding maximum relative
differences. The normalized line profile is very simi-
lar to that of Harper and Rogers but is greater than
that of Avrett and Loeser by less than 3%.

The convergence properties of the FBILI and
Jacobi method for this specific problem are presented
in Fig. 4. The maximum relative change Rc lesser
than 10−2 and 10−3 is attained in 34 and 58 iter-
ations, respectively by the Jacobi method, and in
16 and 29 iterations, respectively with the FBILI
method.

Table 1. The mean monochromatic intensity J at selected radial distances obtained by the FBILI method
(this work - PA) and the maximum relative differences ΔJ [%] = |J−J(PA)

J(PA) | · 100% with respect to the values
obtained by other authors (Mihalas et al. (MKH), Rogers (R), Avrett and Loeser (AL), Harper (H), Gros
et al. (GCS)).

r J (PA) ΔJ (MKH) ΔJ (R) ΔJ (AL) ΔJ (H) ΔJ (GCS)
30 0.0639 0.469 0.156 0.469 1.095 0.313

29.6 0.0675 0.593 0.148 0.148 0.897 0.000
29 0.0720 0.556 0.556 0.139 0.833 0.278
28 0.0789 0.634 0.507 0.253 0.887 0.253
26 0.0927 0.755 0.647 0.108 0.970 0.539
24 0.107 0.934 0.000 0.934 0.934 0.934
20 0.142 0.704 1.408 0.000 1.408 1.408
16 0.189 3.703 1.058 0.529 1.587 1.058
12 0.259 0.386 1.544 0.772 1.544 1.544
9 0.341 1.173 1.466 0.293 1.466 1.466
6 0.474 4.008 0.637 0.422 1.266 1.055
4 0.622 2.572 1.125 0.804 0.964 0.804
2 0.853 1.290 0.469 0.703 0.352 0.234
1 0.976 1.230 1.537 1.024 0.615 0.820
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Table 2. The line source function SL at selected radial distances of a static spherical atmosphere with
frequency independent continuum source function obtained by the FBILI method (this work (PA)) and the
maximum relative differences ΔSL[%] = |SL−SL(PA)

SL(PA) | · 100% with respect to the solutions obtained by other
authors (Mihalas et al. 1975 (MKH), Harper 1994 (H) and Rogers 1984 (R)).

r SL (PA) ΔSL (MKH) ΔSL (H) ΔSL (R)
30 0.04252 0.071 0.564 0.259

29.867 0.04944 0.384 0.243 0.425
28.365 0.09700 0.010 0.515 0.268
24.47 0.1928 0.156 0.882 0.311
18.456 0.3338 0.060 1.108 0.210
12.723 0.4840 0.186 1.198 0.413
8.93 0.6010 0.666 1.015 0.799
4.33 0.7872 0.877 0.699 0.368

2.0191 0.9271 0.539 0.464 0.076
1 0.9883 0.577 1.093 0.536

Table 3. The normalized flux profile F (x) in the static case with a frequency independent continuum source
function obtained by different numerical methods, and the corresponding maximum relative differences.

x F (R) F (AL) F (H) F (PA) ΔF (R) ΔF (AL) ΔF (H)
0.0 0.4009 0.392 0.4037 0.4000 0.23 2.00 0.93
0.4 0.4237 0.414 0.4267 0.4244 0.16 2.45 0.54
0.8 0.5078 0.496 0.5112 0.5098 0.39 2.70 0.27
1.2 0.7024 0.685 0.7058 0.7002 0.31 2.60 0.80
1.6 1.0210 0.992 1.0231 1.0191 0.19 2.66 0.39
2.0 1.1835 1.154 1.1835 1.1787 0.41 2.09 0.41
2.4 1.0745 1.064 1.0743 1.0750 0.05 1.02 0.07
2.8 1.0113 1.010 1.0112 1.0102 0.11 0.02 0.10
3.2 1.0009 1.001 1.0010 1.0005 0.04 0.05 0.05
3.6 1.0000 1.000 1.0000 1.0000 0.00 0.00 0.00
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Fig. 4. Maximum relative change Rc of the line
source function between two iterations as a function
of the iteration number for the Jacobi and FBILI
method for the case of a line formation in a static
spherical atmosphere.

Finally, we solved the third benchmark prob-
lem of the line formation with frequency independent
continuum source function in a spherical atmosphere
(ε = 2 · 10−3 , B = 1 , δ = 1) expanding according to
the following velocity law:

V (r) =
6
π

[
arctan

(
2r − 31

29

)
+
π

4

]
, (59)

so that V = 0 at the bottom and V = 3 at the sur-
face. Here, we used 40 Gauss-Legendre frequency
points in the interval (-6,6).

The values of the line source function SL in an
expanding atmosphere and the line flux Fx for this
case are given in Tables 4 and 5, respectively.

Our results agree with those of Harper to
within 0.7% at all radial distances. The differences
are again larger when compared with the solution
obtained by the MKH (up to 3%).
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Table 4. The line source function SL at selected radial distances for the case of an atmosphere expand-
ing according to the velocity law (59) obtained in this work (PA) and by other three authors, and the
corresponding maximum relative differences between the solutions.

r SL (MKH) SL (H) SL (PA) ΔSL (MKH) ΔSL (H)
30 0.03652 0.03640 0.03646 0.165 0.165

29.99 0.03713 0.03717 0.03710 0.081 0.189
29.87 0.04264 0.04245 0.04233 0.732 0.283
29.29 0.05989 0.05980 0.05989 0.000 0.150
28.37 0.08194 0.08150 0.08201 0.085 0.622
26.87 0.1126 0.1119 0.1120 0.536 0.089
24.47 0.1573 0.1556 0.1568 0.319 0.765
21.53 0.2114 0.2085 0.2095 0.907 0.477
18.46 0.2737 0.2710 0.2692 1.672 0.669
15.86 0.3362 0.3287 0.3286 2.313 0.030
12.72 0.4293 0.4185 0.4165 3.073 0.480
8.93 0.5730 0.5572 0.5573 2.817 0.018
4.33 0.7903 0.7783 0.7805 1.256 0.281
2.02 0.9320 0.9248 0.9265 0.594 0.183
1 0.9827 0.9916 0.9883 0.567 0.334

Table 5. The normalized flux profile F (x) for an atmosphere expanding according to the velocity law (59),
obtained by Avrett and Loeser (AL), Harper (H) and in this work (PA), and the corresponding maximum
relative differences between the solutions.
(a) red half

x F (AL) F (H) F (PA) ΔF (AL) ΔF (H)
0.0 0.91 0.99 0.97 6.19 2.06
0.4 1.08 1.18 1.14 5.26 3.51
0.8 1.23 1.34 1.30 5.38 3.08
1.2 1.36 1.47 1.45 6.21 1.38
1.6 1.43 1.53 1.55 7.74 1.29
2.0 1.43 1.53 1.55 7.74 1.29
2.4 1.37 1.46 1.45 5.52 0.69
2.8 1.27 1.34 1.32 3.79 1.52
3.2 1.17 1.22 1.20 2.50 1.67
3.6 1.08 1.11 1.10 1.82 0.91
4.0 1.02 1.04 1.04 1.92 0.00
4.5 1.01 1.01 1.01 0.00 0.00
5.5 1.00 1.00 1.00 0.00 0.00

(b) blue half

x F (AL) F (H) F (PA) ΔF (AL) ΔF (H)
-0.4 0.74 0.81 0.79 6.33 2.53
-0.8 0.59 0.64 0.63 6.35 1.59
-1.2 0.47 0.51 0.50 6.00 2.00
-1.6 0.39 0.43 0.42 7.14 2.38
-2.0 0.35 0.37 0.37 5.41 0.00
-2.4 0.34 0.37 0.36 5.56 2.78
-2.8 0.37 0.39 0.38 2.63 2.63
-3.2 0.43 0.45 0.44 2.27 2.27
-3.6 0.54 0.56 0.56 3.57 0.00
-4.0 0.72 0.74 0.74 2.70 0.00
-4.5 0.93 0.93 0.93 0.00 0.00
-5.5 1.00 1.00 1.00 0.00 0.00
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The emergent normalized fluxes for the ex-
panding semi-infinite atmosphere, obtained by the
use of three different methods are also presented in
Fig. 5.

The maximum relative change of the line
source function with iterations for the moving case is
shown in Fig. 6. We see that the differences in con-
vergence properties between the Jacobi and FBILI
methods in the moving case are less pronounced.
The convergence criteria Rc = 10−2 and Rc = 10−3

are satisfied in 26 and 42 iterations with the Jacobi
method while the same two criteria are attained in
16 and 29 iterations by the FBILI method.

Let us note here that the CPU time needed
per iteration for both the Jacobi and FBILI method
is practically the same. The only additional cost in
the FBILI method is the computation of iteration
factor (only one division) during the forward (”ingo-
ing”) step. The difference between the Jacobi and
FBILI during the ”outgoing” step is in the update
of the source function: the FBILI does it during the
backward step while Jacobi - after. This does not
require any additional CPU time.

Fig. 5. Line profile from an expanding atmosphere
with a frequency independent continuum source func-
tion.
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Fig. 6. Maximum relative change Rc of the line
source function between two iterations as a function
of the iteration number for the Jacobi and FBILI
method for the case of line formation in an atmo-
sphere expanding according to the velocity law (59).

We also computed the maximum relative true
error of our solutions, i.e. the maximum relative dif-
ference of our solution with respect to the solution
of a reference method:

T i
e = |S

i − S∞
MREF

S∞
REF

|max . (60)

The true accuracy of the FBILI method is
expressed with respect to S∞

REF - the fully con-
verged ”exact” solution obtained with some other
well-tested RT code in a finer spatial grid. Here,
we used the Jacobi solution as the reference (REF)
one, in the first place because we could run the both
methods (FBILI and Jacobi) straightforwardly get-
ting the solutions for different choices of input pa-
rameters. For the ”exact” solution S∞

REF we used the
result obtained by the Jacobi method after the con-
dition Rc = 10−12 is satisfied, with 20 depth points
per decade.

The behavior of the maximum relative true
error Te with iterations is displayed in Fig. 7. We
see that the so-called truncation error (Te(∞)) as a
measure of the true accuracy is about 1%. A suitable
grid refinements can reduce the truncation error.

 

lo
g

1
0
(T

e
)

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

number of iterations

20 40 60 80 100

Fig. 7. Maximum relative true error Te as a func-
tion of the number of iterations in the solution of the
line formation in an expanding atmosphere.

5. CONCLUSIONS

In this paper we generalized the FBILI
method to the RT problems in plane-parallel and
spherically symmetric moving media with low veloc-
ity fields. The method is tested on the benchmark
problems of the line formation in: plan-parallel ex-
panding slab and expanding semi-infinite spherical
atmosphere. The obtained solutions are accurate, i.e.
in a good agreement with the results from four inde-
pendent investigations performed by other authors.
Due to the lack of published results on the conver-
gence properties of the iterative procedures used by
other authors to solve these benchmark problems, we
compared the convergence rate of the FBILI method
with that of the Jacobi one, which uses the same for-
mal solver. When applied to a plane-parallel moving
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slab, the FBILI method is about 2.5-3 times faster.
On the other hand, for spherically symmetric ex-
panding atmosphere, the FBILI method is 1.4-1.8
times faster than the Jacobi method, which is a bit
less than in the static case, where the convergence
is 1.7-2 times faster. Acceleration by a factor of 2
and more provided by the FBILI method with no
additional acceleration techniques, can be useful in
moving stellar atmosphere calculations.
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U ovom radu je uopxtena brzo-konver-
gentna metoda Dvosmerno Implicitne Lambda
Iteracije (FBILI) na rexavaǌe problema
prenosa zraqeǌa u spektralnoj liniji za
atome sa dva nivoa u pokretnim sredi-
nama malih brzina i korix�eǌem sistema
posmatraqa. U ciǉu testiraǌa taqnosti
i konvergentnih svojstava metode rexili

smo nekoliko astrofiziqki znaqajnih test-
problema formiraǌa linija u uslovima ne-
LTR: u plan-paralelnoj sredini konaqne deb-
ǉine u xireǌu i u sferno-simetriqnim zvez-
danim atmosferama, statiqnim i pokretnim.
Uporedili smo dobijena rexeǌa sa rexeǌi-
ma drugih autora koji su koristili druge nu-
meriqke metode.
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